A numerical integration procedure to c alc ulate the second virial coeffi c ie nt of simple polyatomi c molec ules is proposed. The intermolecular pair potentia l is assumed to be a s um of a spheri c ally symmetri c contribution and a n unsymme tric, a ngul ar dependent , contribution . The me thod is based on e valuating the poss ibl e diffe re nt nume rica l values for this lalter term. Quadrupolar a nd dipolar molecules are considered . Calcul ations for the virial coeffi cient for quadrupolar molecules are judged to be correct to within one part in 2500 or better, and to within one part in 300 or be ller for polar molecul es. Results from th e method are compared to corresponding resul.ts from the we ll-known Pop le expansion procedure. It is shown that care must be taken to ensure thi s la lter technique yields a convergent answer.
Introduction
In several papers [1 , 2, 3] ,1 we have determined the thermophysical properties of simple polyatomic gases Via statistical mechanics. In particular, a modification of the Pople expansion procedure [4] was used to evaluate the where N is Avogadro's number, {3 = l /kT (k is Boltzmann's constant), <p is the pair potential, and R l and R 2 denote the position and angular configuration of molecule 1 and 2, respectivel y.
", second virial coefficient. This technique is standard but there are some drawbacks when it is applied to molecules with relatively large electrostatic moments. The object of this paper is to introduce an alternative procedure .
In this work the intermolecular interaction of two polyatomic molecules is considered in th e simple, but standard coordinate system of figure 1: the molecules are treated as
The second virial coefficient, B, is defined by the expansIOn P pRT 1 + Bp + ...
(1) (where p is th e pressure, T the temperature, R the gas constant and p the density (mol/L)) and is give n by an expression of the form B -N J J {exp [-/3<p(R2 , R2) ] -I } dRl dR2 (2) rigid bodies interacti ng along the line of the ir centers, distance r apart, with a relative orientation given by the angles fA , ~ and <1>. The poten ti al can be written as a sum:
with cf>t(r*) the spherically symmetric, angular independent, part and cf>Js the unsymmetric angular dependent part. In eq (3), r* = r/CT and cf>* = cf>/E, where CT and E are a length and energy parameter of the spherical potential, respectively (to be defined below). For the coordinate system of figure 1 and the potential of eq (3), eq (2) becomes
where bo = (2/3) nNCT 3 and T* = T/{E/k).
In previous studies [1-3], we have taken cf>t to be the m-6-8 function of Kle in and Hanley [5] 6 + 2y (CT)m
where d = rmin/CT, with CT and rmin, and also the energy E, defined by the conditions cf>(CT) = 0 and cf>(rmin) = -E . The parameters m and y represent the "hardness" of the repulsive term , and the "strength" of the inverse eight attractive term, respectively.
If we consider non-polarizable axially symmetric quadrupolar molecules , cf>Js is given by where and 8*2 is the reduced quadrupole moment (squared); 8*2 = 8 2 /(ECT 5 ).
To be consistent with our earlier calculations, and those of other authors, we will first consider the potential given by eqs (3), (5), and (6) but with y = 0 and m = 12 for which eq (5) becomes the Lennard-lones , 12-6, potential.
Procedure
The evaluation of the second virial is carried out in four steps as follows. First, the quantity flO I> O2 , <1» of eq (7) is considered. Specifically, the molecules are set in a selected initial configuration, e.g., 01 = O2 = <I> = 0, then each of the angles is varied incrementally (e. g., by Tr /4) and the numerical value of f noted after each incremental step. 
to correspond to the r* integral in eq (4). Here cf>i* is the potential of eq (3) for a given quadrupole moment associated with a particular.fi(91) 9 2 , <1».
The integral is evaluated numerically at a selected T* by the one-dimensional Chebyshev integration technique used in our previous work [1, 2] . Third, the value of the reduced second virial coefficient I
for an initial configuration, ex , and an incremental step -\ follows from the expression
Llli i=l where
Fourth, and last, since B* of eq (9) is associated with ex and the incremental step, a final estimate of the virial coefficient is obtained from the results for different steps at a particular ex, and then from a repeat of the procedure for a different ex.
Variation of I. With the Angle Function

I
The calculation outlined above is potentially time-consuming, despite the simplification due to symmetry, because the integral Ii apparently needs to be evaluated l times for each step at each configuration. We have, however, observed a feature which allows the calculation to be manageable: I namely, that I; appears to vary s moothl y wilh the angle fun ction at a given T* and 8*2. Thi s is illus trated by figure 2 in which 3/; is plotted versus /;(0 1 , O2 , <1» [or th e 12-6 pote ntial with 8*2 = 0 .7 al three representative lemperatures. He nce for a given sph e ri cal potential with a given 8*2 at T*, one only has to evaluate a few I; direc tly: the re mainder can be es timated to a high precision by interpolation.
result for B* provided the quadrupole mome nt is small. For the potential of e q (3) with equations (5) and (6) where Bf is the angular-independent, classical second virial -6 at T* . J x a re dimensionless integrals given by 
Results
Quadrupolar Molecules
Sample detailed results are presented in table 2 whic h displays values of B* for several incremental steps and initial configurations at four reduced te mperatures ; 0.7, 1.0, 2.0, and 20.0. The spherical potential was taken to be the 12-6 and the reduced quadrupole mome nt (squared) was set at 0.2-which corresponds to the moment (squared) for a molecule similar to nitrogen. Our estimated convergent values are also shown and are judge d to be precise to within one palt in 2500 at T* = 0.7 and to one part in 10,000 at T* = 20.0.
A check on the absolute values of the virials listed in table 2 was made by comparing them to corresponding values from the expansion technique [4] : the expansion procedure can be expected to yield essentially an exact
Results from eq (11), for the 12-6 potential and 8*2 = 0.2 , are given in the last column of table 2. Since the agreement between corresponding second virial coeffi cients from our procedure and from equation (11) is very close, we conclude our procedure is satisfactory.
Polar Molecules
The integration procedure is not, of course, restric ted to quadrupolar molec ules. It was straightforward to extend it to polar molecules interacting with a potential of the form 
where J-L is the dipole moment. CPt ('7*) is the spherical potential of eq (5), as before.
Calculations followed those for quadrupolar molecules using the two significant time-saving arguments, i. e. , (a) the symmetlY of the coordinate systems which reduces substantially the number of independent values of g( OJ, O 2 , <1» which have to be considered (see table 1), and (b) that a particular value of g, g i, is a smooth function of the rintegral, Ii [ eq (8) ], see figure 3 . Typical results are shown in table 3 for three temperatures. The results are those for a 12-6 pote ntial for J-L*2 = 0.8485 and 2.8284, respectively. We have listed the parameter 7*, used in Hirschfelder, Curtiss, and Bird [7] and elsewhere [7* = 8-1 f2 J-L *2]. For these dipole moments (squared), 7* = 0.3 and 1.0. Again our results can be compared to those from the expansion technique [6] :
, ---------, ----------,-------r-, ---------,
where The results from our integration procedure are apparently low . But this is most probably due to the appreciable contribution of the term (M *2 /r 3 )g( 01> O 2 , <1» to the integral eq (8) at large values of r. Our Chebyshev integration method can fail to yield a fully convergent answer in such cases. Clearly, one could compensate for this diffic ulty.
However, the substantial discrepancy at T* = 0.7 for 7* = 1.0 is undoubtedly a failure of the expansion (15) to give a convergent for j = 4.
Mixed Moments
The method can be applied to molecules with more than one electrostatic moment and, in fact, has been used for nitrous oxide: a molecule which has a small dipole and a large quadrupole [3] . We considered the potential where CPt is eq (5); CP' j)D is the angle depende nt term of eq (13) ; CP~Q is given by eq (6); while ~, the contribution of the quadrupole-dipole interaction , is given by We will not report here res ults for the second virial coefficient of nitrous oxide; suffice to say that agreement between our method and that from the corresponding expansion [6] was within the prec ision of the respective determinations.
Discussion and Conclusions
We have introduced a simple numerical procedure to -'-I ' evaluate the second virial coefficient of a polyatomic molecule assuming the electrostatic moments are placed at the center of the molecule.
Our method should be compared, in general, to the expansion procedure since both techniques are based on the same approximations of the nonspherical intermolecular interaction. The expansion procedure treats the angle dependent terms of the potential as perturbations around the spherical contribution. Hence one obtains an expansion involving products of integrals of the spherical contribution and the electrostatic moments. For example, we have used eq (11) with the J x integrals. The advantage of this approach is that the J x integrals need only to be calculated once for a given spherical potential and one has some flexibility in adding various angle dependent terms.
In contrast, our method has the advantage that the I different angle functions and their weights [e. g., eq (7) and eq (10)] only have to be recorded once for any type of angle dependence in the potential. The method, therefore, is flexible as to the spherical part of the potential.
Obviously, this flexibility has to be balanced against the problem that several] x integrals [eq (8) ] have to be evaluated at a given T*. Overall, therefore, the expansion procedure is faster. However, we have shown [1, 2] that calculations of the thermo physical properties in general, and of the second virial coefficient, in particular, for a gas are about as sensitive to a choice of the spherical part of the potential as they are to the various nonspherical contributions . The net time req uired, therefore, to calc ulate a value of B* for a given gas, is not too depe ndent on which of the two methods is used.
When comparing the two methods one assumes that the expansion procedure can yield a co nvergent result for the number of tenns considered. But this is known to be a problem for polar molecules. In fact we have pointed out that, for the sample calculation at T* = 0.7, 7* = 1. 0 (table 3) , the expansion of equation (15) has not given a convergent B* if j = 4 . It is less appreciated that convergence should also be checked for quadrupolar molecules, as was mentioned with respect to carbon dioxide in reference [2] . [Inspection of the expansion of equation (11) indicates one should antic ipate difficulties if, by chance, the factor 8*2/T* is close to unity.]
As a matter of interest, we checked the convergence of the expansion of eq (15) for a molecule with a reduced quadrupole moment (squared) of 0.7 (to correspond approximately with carbon dioxide) . The reduced second virial coefficien ts from our numerical procedure were taken to be correct. Table 4 lists B* (numerical) at four temperatures and th e valu e of B* calcula ted from th e expans ion of eq (11) to order I/T*3, I/T*4, and l/T* 5, respectively. The results suggest that th e expansion techniqu e can fai l to give a convergent answer at T* = 0.7 (and possibly at T* = 1.0) even to 0 (I/T*5).
In conclu sio n, we have demonstrated that the numeri cal technique presented here is a viable method to compute th e second virial coefficien t of polyatomic molecules whose interaction is represented by the syste m ske tc hed in figure 1. More sophisticated techniques are li sted in reference [8] .
